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We consider force-free plasma waves launched by the motion of conducting material through a
magnetic field. We develop a spacetime-covariant formalism for perturbations of a uniform magnetic
field and show how the transverse motion of a conducting fluid acts as a source. We show that fast-
mode waves are sourced by the compressibility of the fluid, with incompressible fluids launching a
pure-Alfve´n outflow. Remarkably, this outflow can be written down in closed form for an arbitrary
time-dependent, nonaxisymmetric incompressible flow. The instantaneous flow velocity is imprinted
on the magnetic field and transmitted away at the speed of light, carrying detailed information about
the conducting source at the time of emission. These results can be applied to transients in pulsar
outflows and to jets from neutron stars orbiting in the magnetosphere of another compact object.
We discuss jets from moving conductors in some detail.
I. INTRODUCTION
In 1831 Faraday discovered that a conductor moving
through a magnetic field can power an electric circuit [1],
a phenomenon now known as unipolar induction. In 1967
a yottawatt unipolar inductor was discovered in nature,
the first known pulsar [2]. Pulsars are rotating, magne-
tized neutron stars surrounded by a diffuse plasma mag-
netosphere [3–6]. The rotation induces a voltage that
drives current through the magnetosphere, carrying en-
ergy away in a manner precisely analogous to Faraday’s
original device.
Laboratory unipolar inductors have been studied ex-
tensively as efficient electrical generators for specialized
tasks requiring low internal resistance, and the basic the-
ory is very well understood. The theory of unipolar in-
duction in plasma physics is comparatively underdevel-
oped, especially in the low-density (force-free) regime rel-
evant to pulsars. The many remaining puzzles of pulsar
phenomenology, along with the likely role of magnetized
neutron stars in other mysterious events such as gamma-
ray bursts, motivate a systematic treatment of the basic
mechanism of unipolar induction in force-free plasma.
We consider the idealized setup of a uniform magnetic
field perturbed by a conducting fluid flowing orthogo-
nally in a plane. We give a general treatment of linearized
force-free perturbations and identify the two basic modes
of propagation, the fast and Alfve´n modes. We show
that the fast mode couples to the expansion of the fluid,
so that incompressible fluids launch only Alfve´n waves.
Remarkably, we are able to write the Alfve´n outflow in
closed form for an arbitrary time-dependent, nonaxisym-
metric incompressible flow. The instantaneous flow ve-
locity is imprinted on the magnetic field and transmitted
away at the speed of light. The electromagnetic field is
a“light dart” [7], part of a large class of analytic solutions
with null four-current [7–14].
These results inform the discussion of pulsar outflows
and are promising for understanding transients. For a
magnetic field emerging from a conducting star, we can
apply the results to a local patch where the surface and
field are both approximately uniform, applying a local
boost to make the flow orthogonal to the field. This il-
lustrates the pure-Alfve´n nature of pulsar outflows from
highly incompressible neutron star crusts, and more im-
portantly points to compressibility as a source of fast-
mode waves. Heyl and Hernquist [15–20] have shown
that, for high-field pulsars, fast-mode waves will steepen
and shock due to the effects of quantum electrodynam-
ics, and that the dissipation into electron-positron pairs
could power an X-ray flare. One criticism of the model
is the lack of a mechanism to generate the required fast-
mode disturbance. Here we show that any violation of
incompressibility will launch fast-mode waves, suggesting
that a shearing or breaking of the crust would create a
large-amplitude fast-mode disturbance.
A second application is to the motion of a conduct-
ing object through a magnetic field that varies on larger
spatial scales. This process has been extensively stud-
ied in the context of the terrestrial and Jovian magneto-
spheres [21, 22], but we are unaware of a previous detailed
analysis for the relativistic force-free plasmas of compact
object magnetospheres. To fill this gap, we apply our
formalism to thin, rigid conductors of arbitrary shape
moving orthogonally to a uniform field with arbitrary
time-dependent non-relativistic velocity. The power ra-
diated scales as
P ∝ B2v2L2 (1)
for a body of typical size L moving through a magnetic
field B with velocity v. The coefficient depends on the
details of the body shape [e.g. Eq. (46) below]. While
the basic result (1) is well-known, our treatment reveals
much detail that we have not seen previously discussed.
In particular, we show that 1) Eq. (1) holds for arbitrary
motion of the body (transverse to the field), i.e., there are
no corrections due to acceleration; 2) the shape of the jet
is fixed by the profile of the conductor at the retarded
time; 3) the magnetic field in the jet always points along
it; 4) the current is entirely carried on a thin layer on the
edge of the jet. We provide complete analytic solutions
for disk-shaped conductors – see Sec. V and Fig. 1.
These results apply to real conductors on scales far
enough from the conductor that it can be considered
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FIG. 1. Analytic solutions for jets from thin conducting disks moving in a magnetic field. The current sheet surrounding the
jet is in orange and the magnetic field lines are in blue. From left to right, a disk rotating counter-clockwise, a disk moving to
the right, and a pair of disks rigidly orbiting in a counter-clockwise direction. The disks move in the plane pictured mid-way
up the diagram, and the field lines are seeded at equally spaced intervals in this plane. In the non-rotating cases (b) and (c),
the magnetic field in the jet points along it and the current is carried entirely on the edge.
thin, but near enough that the field can be considered
uniform. The analysis predicts jets from neutron stars
orbiting near an active supermassive black hole (where
there is expected to be a force-free plasma [23]), a system
which would also emit gravitational waves detectable by
eLISA [24]. It could also be relevant for electromagnetic
precursor signals from neutron star mergers, the likely
progenitor of gamma-ray bursts. The current sheet sur-
rounding the jet provides a possible region for particle
acceleration and electromagnetic radiation.
Finally, we mention that following the seminal work
of Blandford and Znajek [23], it has been recognized
that black holes can act as unipolar inductors and drive
a plasma circuit in much the same way as conductors.
While the case of a rotating black hole has been stud-
ied extensively for four decades, the theory of moving
black holes is much more in its infancy [25–28], with the
main result being the B2v2 scaling of the power radi-
ated [25], in agreement with the conductor case. Our
detailed results for conductors provide a foil for studying
the black hole case in more detail. Combined with re-
cent advances in the theory of force-free perturbations in
curved spacetime [29–32], we are optimistic that it will
soon become possible to perform detailed comparisons
between conductor-driven and black-hole-driven plasma
circuits, analogously to recent work [33] in the rotating
case.
The paper is organized as follows. In Sec. II we con-
sider force-free perturbations of a uniform magnetic field,
and in Sec. III we show how conducting fluid launches
plasma waves. In Sec. IV we study jets from isolated
conductors, and in Sec. V we explicitly study disk-shaped
conductors. We use Heavside-Lorentz units with c = 1.
Our flat metric has signature (−1, 1, 1, 1) and we use
the orientation txyz = 1. Lowercase Latin indices run
over t and z, while uppercase Latin indices run over the
transverse directions (x and y in Cartesian coordinates).
Greek indices run over all spacetime coordinates.
II. LINEARIZED FORCE-FREE EQUATIONS
Any force-free field, or more generally any degenerate,
closed two-form, may be expressed in terms of a pair of
scalar potentials θ1 and θ2 as [34–36]
F = dθ1 ∧ dθ2. (2)
We perturb a uniform field F = B0dx∧dy, setting B0 = 1
for notational convenience. (Factors of B0 can be re-
stored on dimensional grounds.) The potentials take the
form
θ1 = x+ α
θ2 = y + β,
3where α and β are considered small. (We keep to linear
order.) The perturbed field strength takes the form
F = dx ∧ dy + dα ∧ dy + dx ∧ dβ, (3)
and notably lacks a dt ∧ dz component due to its degen-
eracy. We impose the force-free condition
Fαβj
α = 0, (4)
where jα = ∂βF
αβ is the charge-current four-vector. The
linearized force-free equations are then
−∂2t α+ ∂2xα+ ∂2zα+ ∂x∂yβ = 0 (5)
−∂2t β + ∂2yβ + ∂2zβ + ∂x∂yα = 0. (6)
Note the equations are symmetric under the simultane-
ous interchange of α↔ β and x↔ y. The second deriva-
tive coupling can be eliminated1 by introducing a pair of
“Hertz” potentials Ψ and Φ by
∂xΦ + ∂yΨ = α, (7a)
∂yΦ− ∂xΨ = β, (7b)
which always exist by the Helmholtz theorem. The force-
free equations then become
∂xΦ + ∂y2Ψ = 0, (8a)
∂yΦ− ∂x2Ψ = 0, (8b)
where  := −∂2t +∂2x+∂2y+∂2z and 2 := −∂2t +∂2z . These
are the Cauchy-Riemann equations for2Ψ+iΦ, so the
general solution is
2Ψ = Re[f(x+ iy, t, z)] (9a)
Φ = Im[f(x+ iy, t, z)], (9b)
where f is holomorphic in its complex argument. The
field strength is given in terms of the Hertz potentials by
Fab = 0, (10a)
FaB = ∂a∂BΨ + 
C
B∂a∂CΦ, (10b)
FAB = AB (1 +4Φ) , (10c)
where a, b, c... range over t and z, A,B,C... range over
x and y, xy = 1 is antisymmetric, and 4 = ∂2x + ∂2y .
(More formally, we perform a 2 + 2 decomposition into
the Lorentzian tz space and the transverse Euclidean xy
space, and  and 4 are the transverse volume element
and Laplacian.) The gauge freedom in this representa-
tion is
Ψ→ Ψ + Re[g(x+ iy, t, z)] + h(x, y) (11a)
Φ→ Φ + Im[g(x+ iy, t, z)], (11b)
1 We could alternatively decouple the equations by taking deriva-
tives, following [29–31]. The present approach has the advantage
that the field strength is given directly by derivatives of the po-
tentials, rather than requiring integration.
for real functions h and complex functions g (i.e., g is
holomorphic in the xy complex plane). By solving 2g =
f we can always eliminate f from Eqs. (9), leaving the
simpler equations
2Ψ = 0, Φ = 0. (12)
The remaining gauge freedom is Eqs.(11) with 2g = 0.
We will work exclusively in this class of gauges, taking
Eqs. (12) as the fundamental equations. Following stan-
dard terminology, we will refer to Ψ and Φ as the Alfve´n
and fast modes, respectively.
The general solution for Ψ is Ψ = ΨL(t + z, x, y) +
ΨR(t−z, x, y)+Ct+Dz+E, where C,D,E are constants.
The latter three terms can be removed by a final gauge
transformation g = Ct+Dz+E. In this case the complete
field equations are
Ψ = ΨL(t+ z, x, y) + ΨR(t− z, x, y) (13a)
Φ = 0. (13b)
Explicitly, the remaining gauge freedom is
ΨL → ΨL + Re[gL] + hL(x, y) (14a)
ΨR → ΨR + Re[gR] + hR(x, y) (14b)
Φ→ Φ + Im[gL] + Im[gR] + Ct+Dz + E (14c)
where hL and hR are real functions, C,D,E are con-
stants, and gL and gR are complex functions of the form
gL = gL(x+ iy, t+ z), gR = gR(x+ iy, t− z). (15)
Here the notation x+ iy indicates that each is holomor-
phic in the xy complex plane.
The four-current j associated with (10) is j =
∂a(4Ψ)∂a. In terms of the left and right moving modes
(13a), we have
j = −4Ψ˙L(∂t − ∂z)−4Ψ˙R(∂t + ∂z), (16)
where an overdot is a derivative with respect to t. Thus
only the Alfve´n mode carries current. Notice that the
three-current is always in the z direction, along the back-
ground field lines.
A. Pure-Alfve´n perturbations
If there is a gauge where Φ = 0 then we say that the
perturbation is pure-Alfve´n. From Eqs. (10) we see that
pure-Alfve´n solutions are transverse: they do not perturb
the z magnetic field Bz = FAB . In fact the converse is
also true: if Bz is unperturbed, then the perturbation is
pure-Alfve´n,
δBz = 0 ↔ pure-Alfve´n. (17)
To see this, note from (10) that δBz = 4Φ. If 4Φ van-
ishes, then by the field equation Φ = 0 we also have
2Φ = 0. But the gauge freedom (14c) is the general
4solution to the equations 4Φ = 2Φ = 0, so we may set
Φ = 0 by a gauge transformation.
In general there can be both left and right moving
Alfve´n modes, Eq. (13a). However, if one mode vanishes
then the pure-Alfve´n solution has special properties. In
the right-moving case (ΨL = 0) we introduce a new vari-
able
χ = −∂tΨR(t− z, x, y), (18)
which makes the field strength (10) take the elegant form,
F = dx ∧ dy + dχ ∧ d(t− z). (19)
This is in fact an exact solution of force-free electrody-
namics (not merely linearized), the “light dart” discussed
in [7]. It is a time-dependent, nonaxisymmetric exact so-
lution parameterized by a free function χ(t − z, x, y) of
three variables. The Poynting flux (energy flux per unit
time per unit area) in the z-direction is given by
FPoynting = ∂Aχ∂Aχ. (20)
Finally, the current is
j = 4χ (∂t + ∂z) , (21)
which is null.
If we instead consider a purely left-moving wave (ΨR =
0), then we let χ = −∂tΨL(t + z, x, y) and Eq. (19)
becomes F = dx ∧ dy + dχ ∧ d(t + z), while Eq. (20)
becomes FPoynting = −∂Aχ∂Aχ and Eq. (21) becomes
j = 4χ (∂t − ∂z).
III. CONDUCTING SOURCES
In the previous section we developed the theory of
force-free fields linearized off of a uniform magnetic field,
showing the presence of the two basic modes of propaga-
tion. The analysis was agnostic as to the cause of such
waves, i.e., it was carried out in the absence of “sources”.
In the context of force-free electrodynamics, conductors
act as sources by imposing a boundary condition on the
external force-free fields. If uα is the four-velocity field
of the surface of a perfect conductor and S is its three-
dimensional timelike worldvolume, then the condition is
[F · u]S+ = 0, (22)
where [. . . ]S+ denotes pullback
2 to S from the outside.
In general the pullback of the Maxwell field F across any
boundary layer must be continuous to avoid magnetic
2 The pullback of a form is simply the form regarded as a form
on S. Algebraically, if the surface is specified by σ = 0 for some
scalar field σ, the pullback entails setting σ = 0 and dσ = 0 in
the coordinate-basis expression for the form.
monopole surface charge and current [36]. Eq. (22) re-
sults from demanding that the rest-frame electric field
F · u vanish inside the conductor (definition of a perfect
conductor), so that that pullback of this quantity from
the outside must vanish as well. The condition (22) al-
lows the existence of electric surface charge and current,
which is proportional to the jump in the pullback of the
dual of F [7].
Now consider a conducting fluid moving in the xy plane
with four-velocity field uµ = dxµ/dτ . We express the flow
in terms of the boost factor γ and the three-velocity vA,
u = γ(xA, t)
[
∂t + v
A(xA, t)∂A
]
. (23)
The boundary condition (22) then becomes
∂t
(
∂BΨ + CB∂CΦ
)
= BCvC(1 +4Φ), (24)
holding at z = 0. Acting with AC∂C yields
∂t4Φ = −∂AvA(1 +4Φ)− vA∂A4Φ (25)
Introducing the Lagrangian derivative d/dτ and the two-
dimensional expansion θ,
d
dτ
= uµ∂µ = γ(∂t + v
A∂A) (26)
θ = ∇AvA, (27)
Eq. (25) becomes
d
dτ
4Φ = −γθ(1 +4Φ), (28)
still holding at z = 0. Recall that4Φ is the perturbation
in the z magnetic field.
Eq. (28) can be solved for 4Φ on z = 0 by introducing
Lagrangian coordinates (τ, xˆA) (defined so that xˆA is con-
stant along the flow) and using the method of integrating
factors. One may then obtain Φ by inverting the Lapla-
cian and extend off of z = 0 by solving Φ = 0. With
Φ is determined, Ψ is given on z = 0 by Eq. (24). If the
wave is assumed purely right-moving or left-moving then
Eq. (13a) fixes ∂t∂BΨ everywhere. It also fixes ∂z∂BΨ,
which determines the perturbation (10) everywhere.
A. Incompressible flow
Eq. (28) shows how changes in the longitudinal com-
ponent of field, δBz = 4Φ, are sourced by the expansion
θ of the flow. If the expansion vanishes (incompressible
flow), then Bz is conserved along the flow,
d
dτ
4Φ = 0. (29)
In particular, if δBz = 4Φ vanishes initially, then it
vanishes for all time on z = 0. As discussed in Sec. II A,
we can then set Φ = 0 entirely on z = 0 by a gauge
choice. If the conducting fluid started to move at some
5finite time in the past, before which the uniform field was
unperturbed, it follows that Φ = 0 everywhere.3 In this
sense, incompressible flows do not launch fast waves.
Incompressible flows do launch Alfve´n waves. For an
isolated conductor there will be no incoming waves. For
z > 0 we thus choose a purely right-moving perturbation,
Ψ = ΨR(x, y, t − z). From Eqs. (18) and (24) we have
∂Aχ = BAv
B and hence
F = dx ∧ dy + ?v ∧ d(t− z), (30)
where (?v)A = BAv
B is the two-dimensional dual of
the velocity field, evaluated at the retarded time t − z.
Eq. (30) gives the Alfve´n waves launched by an incom-
pressible conducting flow that begins perturbing a uni-
form field at some finite time in the past. It is also an
exact solution [the incompressibility ∇AvA = 0 guaran-
tees that it can be expressed in the light dart form (19)],
so it is tempting to conclude that it is valid for relativis-
tic velocities. However, our argument that the fast mode
vanishes was only valid in linearized theory, and it cannot
be correct nonlinearly.4
The current is given by
j = −ω (∂t + ∂z), (31)
where ω = AB∇AvB is the vorticity of the flow. The
Poynting flux in the z direction is given by
FPoynting = v2, (32)
where v2 = vAvA is the flow velocity squared. For waves
launched downward, we would instead use the advanced
time t + z, with the field and current given by (30) and
(31) (respectively) with z → −z and the Poynting flux
(32) picking up a minus sign.
Eq. (30) is remarkably simple and general. Restoring
the overall factor of B0, the electric and magnetic fields
3 This setup constitutes an initial boundary value problem with
Φ = ∂tΦ = 0 everywhere at an initial time, Φ = 0 on z = 0 for
all time, and Φ = 0 on z 6= 0 for all time. We may use standard
energy estimate techniques to show that the solution Φ = 0 is
unique. In particular, we may modify the version given by Wald
[37] (see Fig. 10.1 therein) by cutting off the integration volume
K at z = 0. This generates a new flux integral on z = 0 in
Eq. (10.1.10), but the integral vanishes because Φ = 0 on z = 0.
The rest of the proof proceeds unmodified. If we know that
Φ = 0 only on a portion of z = 0 (as needed for the conductors
of finite extent treated later), we may suitably modify K and
again conclude that Φ = 0 is the unique solution.
4 Flux conservation dictates that the z component of magnetic
field on the conductor must increase at O(v2) to compensate the
Lorentz contraction as the conducting fluid begins to move. This
is not present in Eq. (30), which leaves Bz unperturbed. Thus
while Eq. (30) may still represent the Alfve´n waves launched by
some relativistic conductor, it is not the same conductor that
would have started from rest with field Bz and accelerated up to
speed v. We thank Jon McKinney for bringing this point to our
attention.
are given by
~E = −~v × (B0zˆ) (33a)
~B = B0(zˆ − ~v), (33b)
where v is evaluated at the retarded time t − z.5 At
each time t, the flow velocity pattern is imprinted on
the magnetic field and launched out as an Alfve´n wave
traveling at the speed of light.
We may understand the physics of Eqs. (33) as fol-
lows. The conducting boundary condition requires ~E to
vanish in the rest frame of the fluid, meaning ~E + ~v × ~B
must vanish in the lab frame. The induced electric field is
then “transmitted” to the plasma by the junction condi-
tion that tangential components of electric fields must be
continuous. The force-free equations then drive a trans-
verse, orthogonal B field and cause the whole disturbance
to propagate out at the speed of light.
IV. JETS FROM CONDUCTORS
If the conducting fluid occupies only a portion of the
plane then only that portion will launch Alfve´n waves,
which are then interpreted as a jet. We describe the
boundary by a function f(x, y, t) = 0,
conductor region: z = 0, f(x, y, t) < 0, (34)
which also defines the jet region by
jet region: f(x, y, t− z) < 0. (35)
The conductor launches waves in both directions, but
here we consider z > 0, with the z < 0 fields to be
determined by reflection about z = 0. For simplicity we
consider incompressible fluids, so that there are no fast-
mode waves. In this case the field can be described by
the light dart form (19),
F = dx ∧ dy + dχ ∧ (dt− dz), (36)
where χ takes the form
χ =
{
χin(x, y, t− z) f(x, y, t− z) < 0
χout(x, y, t− z) f(x, y, t− z) > 0 . (37)
The arguments leading to Eq. (30) are valid in the jet
region, meaning χin is a stream function for the velocity
field,
∂Aχin = BAv
B , (38)
5 That is, if ~v(x, y, t) is the three-velocity of the flow, then we take
~v(x, y, t− z) in Eqs. (33).
6with the velocity field evaluated at time t − z. This re-
sults in bulk current flow given by the vorticity ω at the
retarded time t− z [Eq. (31)],
jin = −ω (∂t + ∂z). (39)
The pullback of the field to the jet boundary f(x, y, t −
z) = 0 must be continuous to avoid magnetic monopoles.
This corresponds to the statement that the Wronskian
fxχy − fyχx must be continuous. In terms of the normal
and tangential vectors nA = ∂Af/
√
∂Bf∂Bf and T
A =
BANB ,
TA∂Aχout = v
AnA, (40)
holding on the boundary f(x, y, t − z) = 0. This is ef-
fectively a Dirichlet condition for χout, since we may in-
tegrate (40) along the edge (at fixed t − z) to get χout
everywhere on the boundary. The result is unique up to
an overall constant, which is a gauge freedom of χ.
There still remains an enormous freedom in the choice
of χout(x, y, t−z). The ambiguity arises because we have
not yet specified boundary conditions on z = 0 away from
the conductor. To fix the freedom we wish to find an
assumption that captures the idea that no physical bod-
ies are present there (besides the charge-carriers in the
plasma). The natural choice is to take the bulk current
to vanish [see Eqs. (38) and (31)],
4χout = 0, (41)
so that only the physical conductor produces current out-
flow. The charge also vanishes, making the entire configu-
ration outside a vacuum solution to Maxwell’s equations.
A final condition is that χout must approach a con-
stant as x and y approach infinity, so that the trans-
verse fields fall off and the conductor can be considered
isolated. Along with (40) and (41), this constitutes a
Dirichlet problem in the 2D plane minus the conductor
region. Thus χout is determined up to the gauge choice
of the overall constant, and the entire physical configu-
ration is uniquely determined.
A. Current sheets
The fields for z < 0 are determined by reflection z →
−z of the z > 0 fields considered above. In general this
entails a current sheet on the xy plane, whose surface
current two-form K is given by the jump in the pullback
of the dual of the field strength [7]. Defining the jump as
above minus below, from (19) we have
Kplane = 2 ?dχ ∧ dt, (42)
where ? is dual on the xy plane and the right-hand side is
evaluated at z = 0. This sheet covers both the conductor
region f(x, y, t) < 0, where Kplane = 2v ∧ dt, as well as
the outside, where Kplane = 2?dχout∧dt. The conductor
portion represents surface-current flowing on the top and
bottom of the conductor, jsurf = 2δ(z) ?v, while the out-
side portion is an artifact of considering an infinitesimally
thin conductor. For a finite-thickness conductor, our de-
scription should be valid at distances large compared to
the thickness. At comparable distances, the description
will be more complicated as the upward-moving jet and
associated fields “transition” to the downward-moving jet
and fields in a continuous manner depending on the de-
tailed shape of the conductor. Our assumption of a thin
conductor compresses this transition region into a sheet
on the z = 0 plane.
Our model also in general contains a current sheet sur-
rounding the jet at f(x, y, t− z) = 0,
Kjet =
(
? dχout + v
)∣∣
f=0
∧ (dt− dz) (43)
This sheet, by contrast, is “real” in the sense that its
thickness for a real conductor is set by size of the tran-
sition region from being inside the conductor to being
outside. This region will be very narrow for solid body
conductors, and the jets launched will be surrounded by
a correspondingly narrow region where the charge and
current density is large compared with the bulk of the
jet.
B. Power radiated
The energy per unit time carried away in Poynting flux
is
P = 2
∫
∂Aχ∂
Aχdxdy, (44)
where the integral is at any fixed t and z > 0, with the
factor of 2 accounting for the equal flux leaving down-
ward. Inside the jet ∂Aχ∂
Aχ = v2, but in general there
is a contribution from outside as well.
We can derive an alternative form by choosing the
gauge where χ vanishes at infinity, making χ the elec-
tric potential for the configuration [see Eq. (36)]. The
Laplace equation (41) ensures that χ falls off like inverse
cylindrical radius, meaning that the boundary term at in-
finity will vanish if we integrate (44) by parts. However,
there is still a boundary term at the jet edge,
P = −2
{∫
χ4χdxdy +
∫
χnA[∂Aχ]ds
}
. (45)
The second integral is taken on the jet boundary f = 0
with outward normal nA, and [∂Aχ] = ∂Aχout − ∂Aχin
is the jump in the gradient of χ. (The field χ itself is
continuous.) Since 4χ is the bulk current density and
nA[∂Aχ] is the surface current density on the jet edge,
Eq. (45) displays the power as the cross-sectional inte-
gral of the current density times the electric potential,
a generalization of the classic circuit equation P = IV .
The factor of 2 accounts for the presence of two circuits.
7In general the current vanishes outside the jet,
Eq. (41). In the special case of a vorticity-free source
(e.g. the rigidly moving conductors considered in Sec. V
below), Eq. (31) shows that the current vanishes inside
the jet as well. In this case the first term is entirely ab-
sent and the entire energy flux may be written as the line
integral
P = −2
∫
Φe Jsurf ds. (46)
where Φe = χ and Jsurf = n
A[∂Aχ] are the electric po-
tential and surface current density on the edge of the
jet, respectively. Since Φe ∝ BvL and Jsurf ∝ Bv, this
establishes the basic B2v2L2 scaling quoted in the intro-
duction.
V. DISK-SHAPED CONDUCTOR
The general treatment of the previous section gives the
field inside the jet in closed form, but requires solution of
the Laplace equation to determine the the field outside
and the power radiated. To provide a complete physical
model we specialize to the case of a disk (circular) shaped
conductor, for which solution of the Laplace equation is
straightforward using separation of variables. We con-
sider a rotating disk, a uniformly moving disk, and a
disk moving rigidly with arbitrary velocity.
A. Rotating disk
Consider a conducting disk of radius R rigidly rotating
with angular velocity Ω about the origin in the xy plane.
We work in cylindrical coordinates (t, z, ρ, φ). The con-
ducting surface four-velocity is u = γ(∂t + Ω∂φ) with
γ ≡ (1− Ω2R2)−1/2 and its region is described by f < 0
with f = ρ2 − R2. The flow is incompressible but has
vorticity ω = 2Ω. The stream function in the jet region
ρ < R is χin = − 12ρ2Ω. Since the flow is tangent to the
edge ρ = R, Eq. (40) says that χout must be constant
there. The unique solution to 4χout = 0 vanishing at
infinity is just χout = 0. Including the region z < 0 by
reflection symmetry and restoring the overall factor of
B0, the final solution is given by
F = B0ρ dρ ∧
[
dφ− Ω(dt− (z)dz)H(R− ρ)
]
, (47)
where H(x) is the Heaviside function (1 for positive x
and 0 for negative x), while (z) is defined to be the sign
of z. The total power radiated per unit time (including
both “jets”) is given by
P = piB20Ω
2R4. (48)
Note that Eqs. (47) and (48) remain valid for time-
dependent rotation velocity Ω(t) with the substitution
Ω→ Ω(t− z).
FIG. 2. Current flow in the jet: comparison of rotating (left)
and moving (right) cases. For the moving case, we show the
rest frame current, which is tangent to the jet. In the rotating
case there is both bulk and surface current flow, while in the
moving case there is only surface flow.
The charge-current naturally splits into three pieces,
j = jbulk + jedge + jdisk (49)
where
jbulk = −2B0Ω
(
∂t + (z)∂z
)
H(R− ρ) (50a)
jedge = B0ρΩ
(
∂t + (z)∂z
)
δ(ρ−R) (50b)
jdisk = 2B0ρΩ δ(z)H(R− ρ)∂ρ. (50c)
Bulk current flows inside the jet(s) with equal and op-
posite surface current on the boundary. Surface current
flowing on the disk closes the circuit in the equatorial
plane, while the circuit is “open” as z → ±∞. This
structure is illustrated in Fig. 2. In the language of steady
state circuits, the current I can be computed from any
of the legs (50) of the circuit, while the voltage V can be
computed from the edge to the center. We can then as-
cribe an effective resistance R := VI to the circuit. These
quantities are given by
I = B0R
2Ω, V = 12 B0R
2Ω, R =
1
2
. (51)
B. Moving Disk
Now suppose that the thin conducting disk is moving
in the x direction at constant velocity v. Then the con-
ductor region is z = 0, f < 0 with f = (x−vt)2 +y2−R2
and the four-velocity field is given by u = γ (∂t + v∂x)
on that region.6 The flow is incompressible and the jet
6 This assumes a circular shape in the lab frame. More physically,
we should assume a circular shape in the rest frame, which would
8region is given by
jet region: ξ2 + y2 < R2, (52)
where
ξ := x− v(t− z). (53)
Thus the jet is bent backwards by an angle θjet = tan
−1 v.
This is a general feature of jets from moving conductors,
not limited to the circular shape considered here. The
fields inside the jet are given by the stream function for
the uniform flow,
χin = vy. (54)
Working in cylindrical coordinates ρ, φ defined relative to
ξ and y, the boundary condition (40) becomes ∂φχout =
v cosφ. Separating variables, the unique solution to the
Laplace equation (41) vanishing at infinity is seen to be
χout =
vy
ξ2 + y2
R2, (55)
the dipolar solution regular at infinity. The field strength
is reconstructed by (19) using (54) and (55) on the inside
and outside of ξ2 + y2 = R2, respectively. (Additionally
one must add on the z < 0 fields by reflection z → −z.)
Restoring the overall factor of B0, the total energy per
unit time flowing away from the moving conductor is
P = 4piv2R2B20 . (56)
We divide up the current in analogy with the rotating
case,
j = jbulk + jedge + jdisk + jplane (57)
where here
jbulk = 0 (58a)
jedge = 2vB0y δ(
√
ξ2 + y2 −R) (∂t + (z)∂z) (58b)
jdisk = 2vB0H(R−
√
ξ2 + y2)δ(z)∂y (58c)
jplane =
2vB0
(ξ2 + y2)2
(
2yξ∂x + (y − ξ)(y + ξ)∂y
)
×H(
√
ξ2 + y2 −R)δ(z). (58d)
We have restored the overall factor of B0. Notice that
there is no current flowing in the interior of the jet, a
consequence of the vanishing vorticity of the source. In
addition to the main circuit, there is also circulating cur-
rent in the plane outside the source.
As in the rotating case, the current I may be computed
from any of the legs, the voltage V may be computed
from edge to edge across the jet, and we may ascribe an
effective resistance R = V/I. These quantities are given
by
I = 4RvB0, V = 2RvB0, R =
1
2 . (59)
give rise to an elliptical shape in the lab frame. This difference
is irrelevant at leading order in v.
1. Comoving frame
In the rest (comoving) frame the fields are stationary
and the electric field is zero inside the jet. Denoting this
frame with a prime, the fields inside the jet are7
~E′in = 0, (60a)
~B′in = γ(zˆ′ − vxˆ′)B0, (60b)
while those outside are
~E′out = ~∇′Ξ (61a)
~B′out = B0zˆ′ + zˆ′ × ~∇′Ξ, (61b)
where the rest frame electric potential Ξ is given by
Ξ = γ (χout − y′v)B0. (62)
From (61a) and (62), we see that the boost generates a
asymptotic electric field in the yˆ′ direction. The three-
current flowing on the edge of the jet in the rest frame is
given by
~J ′ = 2vB0y′
(
(z′)zˆ′ − γvxˆ′
)
δ
(√
ξ2 + y2 −R2
)
, (63)
which is tangent to the jet edge, as illustrated in Fig. 2.
The level sets of Ξ have the dual interpretations of
equipotential surfaces for the electric field and integral
curves of the comoving drift velocity ~v′D = ~E
′ × ~B′/ ~B′ ·
~B′. The latter represents the velocity field of plasma
particles that are at rest in the lab frame far from the
conductor.8 Thus if the conductor moves through an
otherwise undisturbed plasma, it finds itself bathed in a
wind of particles following the streamlines of ~v′D. This
wind is plotted in Fig. 3(a) to linear order in v.
2. Ideal flow and other shapes
For the disk-shaped conductor we found the solution
in the lab frame and then transformed to the rest frame.
For conductors of other shapes it is convenient to think
directly in the rest frame. To linear order in v, the
7 The shape of the boundary between the inside and outside also
changes under the boost. This change is O(v2) and can be ig-
nored to leading order.
8 In the force-free approximation, the only knowledge retained of
the underlying plasma particles is that they move along on the
magnetic field sheets [36], which corresponds to motion along
magnetic field lines defined in any orthonormal frame where the
electric field is everywhere vanishing. The actual motion is de-
pendent upon initial conditions for motion along each field line,
with the drift velocity of each Lorentz frame corresponding to
one choice. The lab-frame drift velocity ~v′D approaches (minus)
the conductor velocity far from the jet, and hence corresponds to
the choice of particles at rest in the magnetic field frame before
being disturbed by the conductor.
9(a) circle (b) ellipse
FIG. 3. Top-down view of the plane of the moving conductor,
showing rest-frame electric field lines in red and plasma flow
(drift velocity) in purple. We show the circular disk as well
as the solution for an elliptical disk, found by a conformal
map. The plasma flow is identical to an ideal fluid flow past
an obstacle.
equations are the Laplace equation (∂2ξ + ∂
2
y)Ξ = 0, the
Dirichlet condition Ξ = const on the conductor edge
(corresponding to the vanishing of the tangential compo-
nents of the electric field), and the asymptotic behavior
Ξ → −vyB0 at large ξ and y. These are the equations
of a two-dimensional ideal fluid flow past an obstacle, a
classic problem that can be solved by conformal maps.
In particular, having the solution (62) for the circular
conductor, we can apply any conformal map preserving
the asymptotic behavior and obtain the solution for the
motion of a conductor whose shape is the image of the
disk under the map. In particular, note that Ξ (62) and
its harmonic conjugate are the real and imaginary parts
of the anti-holomorphic9 function U(Z¯) = Z¯ + 1
Z¯
, where
Z¯ = ξ − iy. New solutions are generated by mapping Z¯
to a new function W (Z¯). In Fig. 3(b), we display the
flow velocity and the electric field lines for the “ellipse”
mapping W (Z¯) = Z¯ + ε2/Z¯, where ε is the ellipticity
parameter ε ≤ 1.
C. Non-uniform Motion
Finally suppose that the disk moves rigidly along an
arbitrary trajectory xA = XA(t) with velocity V A =
holding in Cartesian coordinates {x, y} only. Following
the same steps as in the uniform motion case, we find
jet region: δABξ
AξB < R2, (65a)
χin = ABV
AξB (65b)
χout =
ABV
AξB
δABξAξB
R2, (65c)
where V A is evaluated at time t− z.
D. Jets from a binary
In pioneering work on dynamical force-free fields in
General Relativity, Refs. [38, 39] presented numerical
simulations of binary black holes embedded in a uni-
form magnetic field and force-free plasma. This work
revealed a characteristic braided dual-jet structure that
was subsequently confirmed in [40]. One can expect a
similar structure if two orbiting conductors (such as neu-
tron stars) are immersed in a magnetic field, and, noting
that superposition is valid to linear order in the velocity,
we are now in a position to present corresponding ana-
lytic solutions. Using (65) for two trajectories that orbit
each other produces the analytic solution for jets from a
binary, proudly displayed in Fig 1(c).
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